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i— i' This paper generalizes the integration theory for volatility modulated Brow- 

nian-driven Volterra processes onto the space Q* of Potthoff-Timpel distribu- 
J> , tions. Sufficient conditions for integrability of generalized processes are given, 

regularity results and properties of the integral are discussed. We introduce a 
■ new volatility modulation method through the Wick product and discuss its 

t^J- , relation to the pointwise-multiplied volatility model. 
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1 Introduction 



Recently, iBarndorff-Nielsen et al.l (120121 ) developed a theory of stochastic integration 
with respect to volatility modulated Levy-driven Volterra processes (VAiCV), that 
are stochastic integrals of the form 

f Y{t)dX{t), where X(t) = f g(t, s)a(s) dL{s). (1.1) 
Jo Jo 

Here, g is a deterministic kernel, a is a stochastic process embodying the volatility 
and L(t) is a Levy process. When L(t) = B(t) is the standard Brownian motion, 
the process X(t) is termed a volatility modulated Brownian-driven Volterra process 
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(VAiBV), and this is the class of processes that we will concent rate our attention 
on in this paper; so from now on we fix L = B in Equation (1-1) . 



Barndorff-Nielsen et al.l ( 120121 ) use methods of Malliavin calculus to validate the 



following definition of the integral: 



Y(s) dX(s) 



lC g (Y)(t,s)a(s)5 M B(s)+ I Df (JC g (Y)(t, s)) a(s) ds, (1.2) 



M 



where 



IC g (Y)(t } s) = Y(s)g(t,s)+ / (Y(u)-Y(s))g(du,s) 



6 M B(s) denotes the Skorohod integral and Df 1 is the Malliavin derivative. The 
superscript M is used above to stress that the operators are defined in the Malliavin 
calculus setting, but as we will show, the only difference between these operators and 
the ones used in the forthcoming sections is the restriction of the domain. The only 
results needed to establish the above definition are the Malliavin calculus versions 
of the "fundamental theorem of calculus" and the "integration by parts formula." 

Before we begin the theoretical discussion, let us review some of the literature 
that is closely related to the problems addressed in this paper. The results presented 
in the following sections are exte nding the results from the already mentioned work 
of iBarndorff-Nielsen et al.l (12012 ) and t h ose results are in turn gene ralizing (among 
others) the results of lAlos et al.l (1200 ll): becreusefondl fcool l2005h . Note that the 
operator K 9 {-) used by Barndorff-Nielsen et al. ( 20121 ) is the same as the operator 
used by lAlos et al.l (120011 ). however the definition of the integral is different. The 



latter authors keep only the first integral in the right-hand side of Equation (1.2) 



thus making sure that the expectation of the integral is zero. The choice between 
the two definitions should be based on modelling purposes, but one has to keep in 
mind that requiring zero-expectation in the non-semimartingale setting might be 
unreasonable. 

It should be noted, that the VA4.CV processes are a superclass of the Levy semis- 
tationary processes (CSS) and a subclass of ambit processes (more precisely, null- 
spatial ambit processes). In order to obtain an CSS process from the general form 
of VM.CV process, we take g to be a shift-kernel, that is g(t, s) = g(t — s). Examples 
of such kernels include the Ornstein-Uhlenbeck kernel (g(u) = e~ au ,a > 0) and a 



function often used in turbulence (g(u) 



u 



hand, if g(t, s) 
where c(H) = 



= c(H)(t- 
(2#T(3/2 



lu- 



ll- 



^+c(H) (i - H ) j: 

H)) 1/2 (T(H + l/2)r(2 - 2H)) 



e' au ,a > 0,i/ > 1/2). On the other 
" 3 / 2 (1 - (s/u) 1 / 2 - 11 ) du, 
1/2 , with H e (0, 1) then 



X(t) 



g(t, s) dB(s) 



is the fractional Browni an motion with Hurst p a ramet er H . 

As pointed out by IBarndorff-Nielsen et al.l (120121 ) and illustrated above, the 
class of VM.CV processes is very flexible as it has already been applied in mod- 
elling of a wide range of naturally occurring random ph enomena. VAiCV pro 



cesses h ave b e en studied in the con t ext of fi nancial data (IBarndorff-Nielsen et al. 



2013+1 l201ll; IVeraart and Veraartl. 12013+ ) and in connection with turbulence 



(IBarndorff-Nielsen and SchmiegelL 120081 120091 ) . 
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As mentioned in IBarndorff- Nielsen et al.l (120121 ). there are several properties of 
the integral defined in Equation (1.2)1 that one might find important in applications. 
Firstly, the definition of the integral does not require adaptedness of the integrand. 
Secondly, the kernel function g(t, s) can have a singularity at t — s (for example the 
shift-kernel used in turbulence and presented above.) Finally, the integral allows 
for integration with respect to non-semimartingales (as illustrated above by the 
fractional Brownian motion.) 

Our approach allows to treat less regular stochastic processes than the approach 
of IBarndorff- Nielsen et al.l ( 120121 ) because we are not limited to a subspace of square- 
integrable random variables. The price we have to pay with the white noise approach 
is that the integral might not be a square-integrable random variable. However, the 
choice of the Q* space as the domain of consideration has its advantages, as we can 
approximate any random variable from Q* by square-integrable random variables. 
We discuss the properties of the spaces we work on in the forthc oming; sections. 

We consider the definition of the integral in Equation (1.2)1 in the white noise 
analysis setting. We concentrate mostly on the so-called Potthoff-Timpel space 
Q* and it is important to note here that this space is much larger than the 
space of square-integrable ran dom variables and thus our results extend those of 



Barndorff-Nielsen et al. (20 12) considera bly. We review the relevant parts of white 



noise analysis in lSection 2 



In iSection 3l we show that the Malliavin derivative 
can be generalized to an operator D t : Q* — >■ Q* as can the Skorohod integral. More- 
over, we obtain a version of the "fundamental theorem of calculus" and "integration 
by parts formula" in the new sett ing, making it possible to retrace the steps taken 
by iBarndorff-Nielsen et al.l (120 12[ ) in the heuristic derivation of the definition of the 
VMB V integral . 

In ISection 4l we first examine regularity of the operator K g { ) in the white noise 
setting. N ext, we consider the case without volatility modulation, that is a = 1. In 



Section 5l we introduce the volatility modulation in two different situations. Namely, 



we consider a to be a test stochastic process that multiplies the kernel function g. We 
also study the VM.CV processes in which volatility modulation is introduced through 
the Wick product. This allows us to consider generalized stochastic processes as 
the volatility. In the case that the volatility is a generalized process that is strongly 
independent of JC g (Y), we show the equivalence of the definition of the integrals using 
the Wick and pointwise products. In all three cases, we establish mild conditions 
on the int egrand th at ensure the existence of the integral and obtain reg ularity 
results. In lSection 6l we explore the properties of the integral and i n lSection 7lwegive 



an ex ample which cannot be treated with the methods of IBarndorff-Nielsen et al. 
(12012t h 



2 A brief background on white noise analysis 



In this section we present a brief background on Gaussian white noise analysis. 
We will discuss only the relevant par t s of t h is vast theory , and r e fer an inter ested 
reader to standard books iHida et al.l (119931 ); iHolden et al.l ( 120101 ); iKuol (Il996[ ) and 
references therein for a more complete discussion of this topic. 

In order to simplify the exposition of what follows, we recall some standard 
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notation that will be used throughout this paper. We denote by (•, and \-\ n an 
inner product and a norm of a Hilbert space H, and by ^ the symmetrization of 
functions or function spaces. 

Let S(R) denote the Schwartz space of rapidly decreasing smooth functions and 
5'(R) be its dual, that is the space of tempered distributions, and let (•, •) denote 
the bilinear pairing between iS'(IR) and 5(H). By the Bochner-Minlos theorem, 
there exists a Gaussian measure ji on iS'(IR) defined through 

/ e i{x >^ dfi(x) = e"* l€l ' 2 <*> , £ e 5(R). 

From now on, we take (Q, J 7 , P) := («S'(R), B(S r (fii)), /x) as the underlying probabil- 
ity space, where B(S'(M)) is the Borel cr-field of subsets of «S'(R). 

Observe that we can reconstruct the spaces S(E) and «S'(R) as nuclear spaces. 
We recall this construction briefly, as a similar one will be used in the definition of 
spaces of test and generalized random variables G,G*, (<S) and (S)*. Start with a 
family of seminorms |-| , with p6 R, defined by 

\f\ P --= IW7L W /a 2 (R), 

where A = —-£5 + (1 + x 2 ) is a second order differential operator densely defined 
on L 2 (R). We denote by <S p (R) the space of those / G L 2 (R) that have finite |-| 
norm. The Schwartz space of rapidly decreasing functions is the projective limit 
of spaces {<S p (R) : p > 0} and the space of tempered distributions is its dual, or 
the inductive limit of spaces {iS_ p (R) : p > 0}. Note that we have the inclusions 
5(R) C L 2 (R) C S'(R). 

Let (L 2 ) = L 2 (S'(K), //). By the Wiener-Ito decomposition theorem, for any 
(f G (L 2 ) there exists a unique sequence of symmetric functions (p^ G L 2 (R") such 
that 

00 

v = j2uv (n) ), (2.1) 

n=0 

where I n is the n times iterated Wiener integral. Moreover, the (L 2 ) norm of (p can 
be expressed as 

00 

\M\^) = Y, n -\^ n) \ 2 L^y 

n=0 

Let us remark, that we will keep the convention of naming the kernel functions of 
the chaos expansion of ip by ip^ n \ 

Next, we recall two types of spaces of test and generalized random variables. 
The construction of these spaces follows the construction of the Schwartz spaces of 
test and generalized functions. The first pair we discuss below are the Hida spaces. 

For any tp G (L 2 ) and pel define the following norm 



I :=^n!|(A® n )V (n) 



n=0 



L 2 (R") 



and a corresponding space 

(S) p := W G (L 2 ) : \\ip\\ p < 00}. 
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It is easy to show that for p > q the following inclusion holds (S) p C (S) q . We 
define the Hida space of test functions (<S) as the projective limit of {(«S) p : p > 0} 
and the Hida space of generalized functions as its dual (S)*. Note that (S)* can also 
be defined as the inductive limit of the spaces {(<S)_ p : p > 0}. The bilinear pairing 
between spaces (S)* and (S) is denoted by ((•, •)) and we have 



n=0 

The se cond pair of function space s are the spaces that were studied (among 
others) by iPotthoff and Timpell (1 19951 ) and are denoted by Q and Q* . These spaces 
are constructed through (L 2 ) norms with exponential weights of the number operator 
(sometimes also called Ornstein-Uhlenbeck operator). The number operator N can 
be defined through its action on the chaos expansion. It multiplies the n-th chaos 

by n, that is if ip = J2n=o ^n(^ (n) ), then Nip = J27=o nI n(f (n) )- 
For any A G R define the norm 



I l|2 

mix 



\e XN cp u ' 2 



(L2) 



2 

lL 2 (]R") 



n=0 



and a corresponding space 



Qx := {<p £ (L 2 ): ||^|| A < oo}. 

The space of test random variables Q is the projective limit of spaces {Q\ : A > 0} 
and the space of generalized random variables Q* is its dual, or the inductive limit 
of A > 0}. As in the case of the Hida spaces, we denote the bilinear pairing 

between Q* and Q by ((•, •)). 



It is a well known fact (see e.g. iKuol fll996f ): IPotthoff and Timpell (119951 )). that 
we have the following proper inclusions 



(s) c g c(l 2 ) eg* c (sy, 

(S)c(S) p c(S) q c(L 2 )c(S)- q c(S 
g c Q x c G x > c(L 2 ) c Q„ x , c g_> 



c (<s)_ p c (sy, 



(sy 

-a' c G-x c Q\ 



< q < p, 
< A < A'. 



Note that, unlike with the space (<S)*, truncation of an element of Q* is always 
in (L 2 ). This happens because the kernel functions of Q* are elements of L 2 (R n ), 
and so 



N 



$ Ar = ^4($W)G(L 2 



(2.2) 



n=0 



1$/ 



< OO. 



because l^^l^^n) < 00 an d a finite sum of such norms is finite, so n sfjv \\(l 3 ) 
Thus we can approximate any Q* r andom variable by (L 2 ) random variables by 



truncating the chaos expansion as in Equation (2.2)1 . This is not the case with the 
Hida space S* because the kernels of Hida random variables are elements of a much 
larger Schwartz space <S'(R) and might have infinite L 2 (R) norms. 
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Remark 2.1. Note that if ip £ (S), then ||y|| < oo for any p > and if $ £ 5*, 
then for some q > we have ||3>||_~ < oo. In this case, 

Similarly, if ip £ Q, then ||(^|| A < oo for any A > and if $ £ Q*, then for some 
Ao > we have ||$||_ Ao < oo. And again, 

I((^>>I<II$ILa IMIa - 

An important tool in white noise analysis is the 5-transform which we define 
below. 

Definition 2.2. For any $ £ (S)* and £ £ iS(IR), we define the 5-transform of <£> 

at £ as 

«S($)(0 := //$, e^Hl^W 



Note that e ( '' ?> ^^(R) £ Q* for any £ £ S(R), so for any $ £ g* the func- 
tion 5$ is everywhere defined on S(JR) (see IPotthoff and Timpell . Il995l Example 
2.1). The importance of the ^-transform is we l l illus trated by the fact that it is an 
injective operator (see lHida et al. | fll993h : lKuol f ll996h for details.) Therefore we have 
the following useful result. 

Theorem 2.3. // $, ^ £ (S)* and S$ = S$> then $ = ^. 

Thus a generalized function can be uniquely determined by its iS-transform. 
Making use of this fact, we can define the Wick product o of two distributions. 

Definition 2.4. For $, \1> £ (S)*, we define the Wick product of $ and \& as 

:= «S _1 («S$-«S^). 

Alternatively, the Wick product can be expressed in terms of the chaos expansion 

by 

oo oo / n \ 

$ o $ = In+m ($ {n) §* (m) ) =J2 In \Yl $ (n ~ m) ®^ (m) ) • (2-3) 

n,m=0 n=0 \m=0 / 

The following is an important fact stating that all of the spaces considered in this 
paper, namely G,G*, (S) and (S)* are closed under the Wick product. 

Fact 2.5. If * £ G (or £?*, (S), (S)*) then $ o # £ £ for (?*, (5), (5)*, respec- 
tively). 

This is the advantage of using the Wick product instead of the pointwise prod- 
uct, as the latter is usually not defined on spaces Q* and (S)*. However, under 
strong independence of $ and the Wick and pointwise products coincide (see e.g. 



Benth and Potthofll (119961 ) for details.) 



Definition 2.6. We say that $, \P £ Q* are strongly independent if there are two 
measurable subsets J$, J$ of R such that Leb(J$ fl 1^) = and for all m, n £ N we 
have supp $ (n) C (U) n and supp v]>( m ) c (Ify) m . 
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From iBenth and Potthofj fjl996l Proposition 2) we know that strong indepen- 
dence and regular independence of random variables are closely related. Namely, 
if X, Y G (L 2 ) are two independent random variables measurable with respect to 
a{B(s) : a < s < oo}, a G R, then Y has a version Y G (L 2 ) such that Y and X are 
strongly independent. 

The next theorem states which products of generalized random variables are well- 
defined. The first part (which is a standard result) deals with the product of gener- 
alized and test random variables and the second part takes adv antage of the strong 
i ndepe ndence assumption. For the proof of the second part see IBenth and Potthofi 
fll996h . 



Theorem 2.7. i. For $ G (S)* (or Q* ) and ip G (S) (orQ) the product ip ■ $ is 
well-defined through 

((</? • $, if>} = (($, if) • </?)) , for all if> G (<S) (or Q respectively). 

ii. If $, ^ G Q* are strongly independent, then the product $ ■ ^ is well-defined, 
and 

$ . \[r — $o*. 

Next, we state several results that are used to establish some norm estimates in 
the following sections of this paper. First, we recall an estimate on the n orm of a 
product of two test random variables given in iPotthoff and Timpell (119951 . Proposi- 
tion 2.4). 

Proposition 2.8. Let Ao := \ ln(2 + \/2) and assume that A > Ao and cp,if> G Q\. 

Then, for all v > Ao, (f ■ if> G Q\- v and there is a constant C v so that 



\<P 



\x- v < Cu\\f\\ X 



A' 



Using iProposition 2.8l . we can establish a norm estimate of a pointwise product 
of generalized and test random variables. 

Theorem 2.9. Let A := \ ln(2 + y/2) and assume that X > X Suppose that a G Q 
and $ G G-\+ v C Q* , where v > A. T/jen i/iere is a constant C u such that 



h-n_ x <c u \m_ x+ ja\\ x . 

Proof. Consider, for any (f G Q, 

\{a.*,<p)\ = \lQ,a.<p)\ 

< ^II^ILa+JI^IIaII^IIa- 

Since the above holds for any (p G Q, there is a constant dependent only on v such 
that 

lk-$L A <a,||$IL A+ Jk|| A . 

Hence the theorem holds. □ 
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Next, we recall an estimate of the norm of a W ick product of two generalized 
random variables from iPotthoff and Timpell ( 119951 . Proposition 2.6). 



A — 5, and A' < Aq- Then 



Proposition 2.10. Let $, ^ G Q\, A G R. Let A 

$of 6 Q\i and 

||^o*ll A ' < Ca,vII $ IIaII*IIa> 

where C x ,x> = (2(A - A') - l)-\e x - x '-\ 

Finally, let us review the Pettis-type integral in the white noise setting. Suppose 
that (T,B,m) is a measure space and T — > (<S)* is a generalized stochas- 

tic process. We say that $ is Pettis-integrable if the following two conditions are 
satisfied: 

i. $ is weakly measurable, that is t — > f} is a measurable function for all 



ii. $ is weakly integrable, that is 



\mt),ip))\dm < oo, 



r 



for all ^6(5). 



For a Pettis-integrable generalized process $, we define its Pettis integral j T $(£) dm 
by 



$(£) dm, Lf 



mt),<p} dm. 



Note that we can derive the c haos expansion of the Pettis white noise integral (see 
Hida et all (Il993h : IKuoI fll996h for details), as 



T 



$(t) dm = ^Jn(^j <& {n \t) dm 



where the integrals in the ch a os ex pansion are understood as Pettis integrals on 
the spaces ^(IR™) (see Pettisl . 1938 ). Note that the white noise Pettis integral is 
defined for processes in the (S*) space. However, due to the fact that (S) C Q and 
g* (_ (5*)^ we sa y that a £*-valued process is Pettis-integrable if it is integrable 
as an (5)*-valued process and the result of integration is a Q* random variable. 
Alternatively, we can restate the above definitions requiring that G Q* and 

In what follows, the fact that Pettis integral and iS-transform are interchangable 
operations is important. 

Proposition 2.11. For all $ G (S)* and £ G 5(R), 

5| j\{s)d^j (0 = J*S($(a))(t)d8. 
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3 Calculus in Q* and (<S)* 
3.1 Stochastic differentiation 

Before we present the definition of the stochastic derivative that we use in the 
remainder of this paper, we motivate our choice by showing how it fits with other 
definitions that can be found in Malliavin calculus and white noise analysis. 

Let us first recall that the Malliavin derivative is defined on a subset of (L 2 ), 
namely 

{oo 
V e(L 2 ): E ri " n! k (n) |lw <0 ° 
n=0 

For ip G T>i t 2 we define the Malliavin derivative by its chaos expansion as 



^V=X> J -^ (n) M))- (3.i] 



n=0 



Obser ye that D^ l 2 is chosen in suc h a way that Dj^ip G (L 2 ) whenever ip G T>\^- 

In iPotthoff and Timpell (119951 ) , the authors define an operator for any h G 
L 2 (R) as the Gateaux derivative in direction h. It can be shown that can be 
described in terms of its chaos expansion as 

oo 

71=0 

where (-, -)l 2 (e) i s t ne L 2 (H) inner product, that is 



(h,cp^) L 2, m (u( n -V) := / h(s)<p (n) {u {n - 1) ,s)ds, u^eR' 



n-1 



E 

Note that, since (p^ can be assumed to be symmetric, it does not matter which of 
the coordinates is chosen as s in the formula above. 

For D t and Dh to be equal, we need h to be a function satisfying 

(h,tpW) L , m = <P {n \;t), V">GL 2 (R"). 

But there is no h G L 2 (R) that satisfies the above condition. It is a well-known fact 
though, that the Dirac delta - a generalized function on R - has this exact property. 
We cannot formally take h(s) = St(s), but we can do it informally to obtain 



n=0 

oo 



n=0 

= D t tp. 

Note that for the above to hold, we need <p( n )(M (n_1) , •) G <S(R) (with yS n ~^ G R n_1 ), 
as the Dirac delta is a continuous linear operator on iS(R). However, since 5(R) 
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is a dense subset of L 2 (R), the Dirac delta can be uniquely extended to a densely 
defined, unbounded linear functional on L 2 (R). As we will show later, D$ t <& G Q* 
for all $ G Q * 

In IBenthI (1 19991 ). we encounter yet another differentiation operator. This time it 
is defined on the Hida space (S)* as £>$ = $ • W — $ o W, where (with u G <S'(R) 
and / G <S(1R)) W(f)(u>) = (u>,f) is the coordinate process sometimes also called 
a smoothed white noise. In this case, the operator T> should be understood as a 
functional on the product space 5(R) x (5), with its action given by 

V$(f, <p) = (<!>.W-<f>oW)(f,<p) = (($ ■ W(f) - $ o W(f), <p) . 

In IBenthI fl 19991 Proposition 3.3), it is shown that operator D can be expressed 
in terms of the chaos expansion of the distribution it acts on - much in the same 
way as the Malliavin derivative is defined. In order to see this, for $W G S'(R n ), 
tpW G <S(R n ) and g G S(R), define $ (n) (-,#) by 

(& n) (-,gW n) ) := (& n \ip«>®g). 
Now, the chaos expansion of D$>(g) is given by 

oo 
n=0 

It is enough to justify that fixing the n-th functional coordinate of the functional 
$ < - n ) : 5(R) — > S'(JR) at a certain g is equivalent to fixing the n-th variable in the 
function $H Suppose that $ = E^o 1 ™^" ) e - Then > for all n > the 
functions $ < - T1 ^ are elements of L 2 (R n ) and can be viewed as functions of n variables 
or, due to the Riesz representation theorem, as linear operators acting on L 2 (R n ). 
With and g as above, we have that ip^-^g G <S(R") C L 2 (R n ), 

so the bilinear pairing can be viewed as an inner product in L 2 (R). Thus, 
with notation x^ = (xi, x 2 , ■ ■ ■ , x n ), iL n ' = (xi,x 2 , ■ ■ ■ ,Xk-i,Xk+i, ■ ■ ■ i x n) an d 
dx^ = dx\dx2 ■ ■ ■ dx n we have 

1 n r 

= "E / ^ in Kx} n ^ n - 1 \x^-%(x k )dx^. 
n k=1 in- 
Taking, again informally, g(x) = 5t(x) and using the symmetry of ip( n ' and & n \ we 
have 



i n r 

($ w (-^)^ (B " 1) > = i E / ^H^^H^Mxk) dx^ 
n k =i 

i n r 

n k =i J ^ n 

= i E/ ^(4 B) »*)^ B " 1) (4 B " 1) )^ B) 
n fc =i 
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]R» 



$(») ^(n-1) ? t ^(«-l) (^(n-l)) ^("-1) 



Thus we have the following informal equality 

A$ = = X>$(5 t ). 



Therefore, we can regard th e derivative defined by Equation (3.1)1 as a restriction 
of T> defined in iBenthl (119991 ) to the space G*, an extension of the Malliavin deriva- 
tive Df 1 onto a larg e r dom ain, and an extension of the derivative Dh defined in 



Potthoff and Timpell (119951 ). This motivates the following definition. 



Definition 3.1. For any $ G G* with chaos expansion given by $ = Y^=o^n(^ n ^) 
we define the stochastic derivative of $ at t by 

oo 

A<K = ^n/ n _ 1 ($W(-,t)). 

n=l 



Theorem 3.2 assures that the stochastic derivative is in fact a well-defined func- 



tional acting on Q* . 

Theorem 3.2. For any $ G G* , we have D t & G G* for almost all t G R. Moreover, 
if for some A > ; $ G G-\ then for any e > there is a constant C e , such that 



-A-£ 



dt < C E ||$||i A < oo 



(3.2) 



and in consequence D t Q G G-x-e f or almost all t G R. 



Proof. It is enough to show that Equation (3.2)1 holds because G* = Ua>o^- a- ^ n 
order to do this, we need the following fact: for any e > 0, there exists Xq > e such 
that f(x) = — < £ for all x > xq. This is a consequence of the fact that f(x) is 
decreasing on the interval (e, oo) and lim a: _ 5 . 00 f(x) = 0. 

Let $ = Xl^Lo -^™( < ^ ) ^"' ) ) ^ e an e l emen t of G-x, and consider 



|A*||! A _e* 



IR 



„ oo 

/ ^n(n!)e- 2(A+£)n |$ (n) (-,t) 

^ n=0 



J]n(n!)e- 2{A+e)n 

n=0 

oo 

^n(n!)e- 2(A+e)n |$ (n) 



$ (n) (-,t) 



L 2 (R™) 



L 2 (R") 



dt 



dt 



L 2 (R"+ 1 )- 



n=0 



By the fact stated at the beginning of this proof, we have that for any e > 
there is a k G Nn such that for all n > k we have — < 2e. This ensures that 

ne -2{X+e)n < e -2Xn_ ft ence 



n=k 



n(nl 



) e - 2 ( A +e) n |<|)( n ) 



L2(H™+ 1 ) 



< 



^(n!)e- 2An |$ (n) 



L 2 (R™+ 1 ) 
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Now, for any n G {0, 1, . . . , k — 1} there is a constant c n:£ such that ne 2 ( A+£ ) n < 
c nj£ e~ 2Xn . Let C £ = max(c„ iE : n G {0, — 1}). We have 



fc-i 



^n(n!)e- 2 ( A+e ) n |$W|^ (Rn+1) < C £ ^(^!)e- 2{A)n |$ (n) 



L 2 (R"+ 1 ) 



n=0 



n=0 



Thus we have shown that 



\D t $\ 



dt < CJ\M\ + ||$| 



-a<C«I 



$1 



-A' 



IR 



Therefore l|D/-$| 



< oo for almost all t as required. 



□ 



The above theorem improves the result of lAase et al.l (120001 Lemma 3.10), where 
it was shown t hat if $ G G-\, then D t <& G G-\-\ for almost all t. The notation used 
in lAase et al.l ( 12000h differs from ours, but the definitions of the spaces Q and Q* as 



well as the defi nitions of the s tochastic derivative are equivalent. 

Recall that iDefinition 3.ll of the stochastic derivative is exactly the same (in 
terms of chaos expansion) as the definition of the Malliavin derivative. The drawback 
of the Malliavin derivative is that it is defined on a smaller space D 1)2 so that 
the derivative takes values in the (L 2 ) space for almost all t. Since we define the 
derivative on a larger space Q* I) ^1,2, the result of differentiation also falls into a 
larger space, namely Q* I) (L 2 ). Thus the derivative of a random variable from Q* is 
no longer an element of {L 2 ), but rather a generalized stochastic process. However, 
taking derivative of any test random variable <p G Q results in a test stochasti c 
process that is in g C (L 2 ) for almost all t G R, as can be seen from iTheorem 3 .21 



3.2 Properties of the stochastic derivative 



N ow we turn our attention to some of the properties of the stochastic derivative D t 
of IDefinition 3. lL All of the formulas presented below are well-known in the setting 
of Malliavin calculus. We include them for the sake of completeness and give only 
sketches of the proofs or omit the proofs completely. 

Proposition 3.3. //$ is deterministic, that is $ = I ($W), $ (0) G R ; then D t $ = 
0. 

Proof. This is a direct consequence of the definition of the stochastic derivative. □ 
Proposition 3.4. //$, \l> G Q* , then 



D t (<& om) = D t {<&) o m + $ o D t *. 



(3.3) 



Proof. This follows from straightforward but tedious explicit operations on the chaos 
expan sion and compa rison of the chaos expansions of the left- and right-hand sides 
of the Equation (3.3)1 . The computations are the same as in the Malliavin deriva- 
tive the formulas defining the d erivatives are t he same and only the do- 
mai n differs. Existen ce of both sides of Equation (3.3)1 follows from ITheorem 3.2 



and iProposition 2.10 



□ 
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Similarly, we can show the pointwise product rule with the restriction that we 
operate on smooth random variables only. 

Proposition 3.5. If<p,ip G Q, then 

D t (if ■ V) = D t {ip) -i/) + (p- D t i/>. 

Since pointwise product is not well-defined for random variables in Q*, we cannot 
generalize the above result to all \& G Q*. However, there are two cases of interest 
for which the product rule makes sense. First, under an add itional assumption of 



strong independence of $ and ^, application of iTheorem 2.71 and the fact that the 



stochastic derivative preserves strong independence yields: 

Proposition 3.6. If$>,ty G Q* are strongly independent, then 

D t ($ ■ *) = A($) ■ # + $ ' Dt%. 

Finally, since (p G Q implies that D t (p G Q for almost all t, and the product of 
test and generalized random variables is well defined, we obtain: 

Proposition 3.7. If p G Q* and ^ G Q, then 

Finally, following IHida et al. | dl993] Equation (5.17)), we give the formula for the 



iS-transform of the Malliavin derivative. In the spirit of completeness, we first recall 
the definition of the Frechet functional derivative that appears in the formula for the 
iS-transform of the stochastic derivative. We say that a real- valued function / defined 
on an open subset U of a Banach space B is Frechet differentiable at x if there exists 
a bounded linear functional |£ : B — > R such that \f{x + y)—f(x) — ^-(y)\ = o(\\y\\) 
for all y G B. 

Proposition 3.8. For all $ G {S)* and £ G «S(R), 

where is the Frechet functional derivative. 
3.3 Stochastic integration 

In this section we introduce the Skorohod integral for processes in Q*. In Malliavin 
calculus, the Skorohod integral can be defined through the chaos expansion as 

oo oo 

<p{t) = J2 J n {V [n \;t)) =► S M (cp) = J2ln + i (^ (n) ) • (3.4) 

n=0 n=0 

The domain of 5 M consists of all those processes whose Skorohod integral results in 
a random variable in (L 2 ), namely 

{oo 
V?G(L 2 ): E( n+1 ) ! l^ n) |^ +1 )<^ 
n=0 

We extend the Skorohod integral in the same manner as we extended the Malliavin 
derivative. 
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Definition 3.9. For = J2n=o I n (& n \-,t)) E Q\ we define the Skorohod inte- 
gral by 



/» oo 

*(<&) = / *(t)5B(t) :=J> + i 

,; ' IR 71=0 



whenever £~ =0 (n + l)!e _2(n+1)A |$ (n) | L 2 (R „ +1 < oo for some A > 0. 

The next result gives sufficient conditions for $(£) to be Skorohod-integrable and 
provides a norm estimate on under the assumption of square-integrability of 
the norm ||<5($)||_ A . 

Theorem 3.10. // $(t) G £_ A /or all t E H and 

[ \\$(t)\\ 2 _ x dt < oo, 

./R 

£/ien /or any £ > i/iere a constant C £ such that 

J R 

T/ras o~($) G Q-x-e an d in particular, <5($) G 

Proof. Fix an arbitrary e > 0. Keeping in mind that the L 2 (R n+1 ) norm of £) 
and its symmetrization $^(-,t) are equal, consider 

oo 

,2 

Il 2 (r™+ 1 ) 



ll<WII-A- e = ^(n + l)!e- 2 ^«|$W| 

71=0 

OO „ 

= j2( n + i ) nle ~ 2(x+£)n / i$ (n) (-,*)i; 

n=0 ^ 

„ oo 

= / ^(n+l)n!e- 2 ^)"|$W(.,0|L( r-)*- ( 3 - 5 ) 



Il 2 (r™) rft 



By the linearity of the integral, it is enough to show that for k large enough, the 
following integral converges 



/oo 
^(n + l)n\e- 2 ^ n \^ n \-,t)\ 
- l n=k 



2 

L 2 (R n ) °^ 



Note that for any e > there is a /c G No such that for any n > k we have 

(n + l) e -2(A+e)n < g -2An _ rp^jg f rj owg f rom f act ^hat _ x±l j g gtrictly 

decreasing in the interval (0, oo) and lim^oo /(x) = 0. Hence, for k large enough, 
we have 



/ ^(n + l)n!e- 2(A+e)n |$ (n) (-,t)| 

^ n=fc 

„ oo 

< / E^ !e " 2A 1 $(n) (^)ll 2( R.)^ 

^R u 



2 

L 2 (R n ) ^ 
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< 



< 



„ oo 

/ ^n!e- 2An |$ (n) (-,t) 



L 2 (R") 



dt 



R 



Note th at we can trea t the first n elements of the sum in Equation (3.5)1 as in the 



proof of lTheorem 3.1 so ||5($)||_ A _ e < C £ L||$(*)||L A dt < oo, as required. 



□ 



It is a well known fact, that in the setting of Hida spaces (S), (S)* the Skorohod 
integral can be interpreted as a white noise integral. Namely, for $(t) G (<S)* we 
can view the following integral as the extension of the Skorohod integral 



<9 t *$(t) dt, 



R 



where the integral is understood in Pettis sense and <9 4 * : (S)* — > (S)* is the white 
noise integration operator, that is the adjoint to dt, the Gateaux derivative in the 



Kuo. 


1996; 


Hida et al.. 


1993) 



/ d;$(t) dt = jr I n +1 ( [ 5 t ®& n) (t) dt] . 



(3.6) 



As in the case of stochastic derivative, with the same notation as previously, it is 
straightforward to check that for t) G L 2 (R n ) we have 

r i n 

/ 5 t m n) (t)dt = - J2$W(a$\x k ) = & n) (-,t). 
Thus this inte gral is an actual extension of the stochastic integral defined in 



Equation (3.4) 



Recall, that the same integral can be defined (in the (S)* setting) as 

$(t) o W t dt, 



R 



an d the chaos exp ansion of this generalized random variable is the same as the one 



m 



Equation (3.6)1 . Note however, that Wt = Ii($t) £ (£)* is not an element of Q* 



because 5t ^ L 2 (R). But the above reasonin g justifies iDefinition 3.9l as a Skorohod 
integral of processes in Q* and lTheorem 3.10l gives sufficient conditions for the result 
of integration to be an element of Q* . 



3.4 Properties of the stochastic integral 



First, we state some properties that are readily seen directly from IDefinition 3.9l of 
the Skorohod integral. 

Theorem 3.11. i. The Skorohod integral is linear; 
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ii. J^0 5B(t) = 0; 



Hi. j b a l5B(t) = B(b)-B(s); 



iv. Ifa<b<c then f*$(t) 5B(t) + £ $(t) 6B(t) = 8B(t); 

Next we present a "fundamental theorem of calculus" in our setting. The proof 
of this result follows closely the proof in the Malliavin calculus setting, which is 
natural, as the definitions coincide on the intersection of the domains. 

Theorem 3.12. Suppose that G Q* is Skorohod-integrable overT ', and D t <&(s) 
is Skorohod-integrable for almost all t G T '. Then 



D t [ I $(s)5B(s)j =$(*) + J D t $(s)5B(s) 



(3.7) 



Proof. Note that since $(£) G Q* for all t G T, by iTheorem 3.2| the stochastic 
derivative D t $>(s) exists for almost all t G T and its norm is square-integrable, 
hence D^js) is Skorohod-integrable by ITheorem 3.101 It remains to show that 
Equation (3.7)1 holds. 

Let $(t) = Y™_yl n ($(">(■ t)), where $ n (-,t) G L 2 (R n ) for all i G T. The 
left-hand side of Equation (3.7)1 is given by 



A( jf $(-s 



oo 

= 53(n + l)J„ ($(«)(■, t)). 



n=0 



On the other hand, we can write out the right-hand side of Equation (3.7) 



as 



/oo / / oo 

DMs)SB(s) =J2 J n ($ (n) (-,*)) + 5 A hT/ n ($ (n) (^)) 

n=0 \ \n=0 

oo / oo 

= E*» ($ (n) (-,t)) + 5 e™ 7 - 1 ( $(n) (-,M)) 

n=0 \n=0 

oo oo 

= ^J B ($W(.,t))+^Ti/ B ($W(.,^ 

n=0 n=0 ' 

oo oo 

= EM^^+E^^M) 

n=0 n=0 

oo 

= E(n + l)4($ (n) (-, t))- 



n=0 



So the two sides of Equation (3.7)1 are equal and the theorem holds 



□ 



When comparing th e above result with its Malliavin calculus counterpart (see 
Barndorff-Nielsen et al.l . 120121 Proposition 1), we see that we are not required to 
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assume the existence of the stochastic derivative of $ because it is ensured by the 
properties of the derivative in the space Q*. 

Next, we present an "integration by parts formula" for the stochastic derivative 
and integral. Note that we cannot use the pointwise product freely as its result 
might be undetermined for generalized random variables. However, we can always 
take a product of test and generalized random variables. 

Theorem 3.13. Suppose that if G Q and $(£) G Q* for all t. If for some A > and 
v>\ ln(2 + y/2) 

[ T \\mf 

Jo 

then 



-X+u 



dt < oo, 



<p$(t)5B(t) = <p [ ®(t)5B(t)- [ $(t)D t <pdt. (3.8) 
o Jo Jo 

Proof. First w e show that all components of Equation (3.8)1 are element s of Q* . By 
Theorem 3 . 1 Ol . for the integral on the left-hand side of Equation (3.8)1 to be well- 
defined it suffices that J^\\(p^(t)\\ 2 _ x dt < oo. By Theorem 2.9 and our assumption, 
we have 



||<^(t)|| 2 _ A ^<^ 2 |M 



T 



1$ 



-X+v 



dt 



< oo. 



Thus </?$(£) is Skorohod-integrable. 



The integral in the first component on the right-hand side of Equation (3.8) 



is also well-defined by our assumption on square-integrability of the norm. Since 
(p G Q, the first product on the right-hand side is an e lement of Q* . 

Finally, the Pettis integral on the right-hand side of Equation (3.8)1 exists because 
for any ip G Q 



\mt)Dm^))\dt 



< 



< 



T 



< 
< oo 



Mt)D t <p\ 



-X+e 



X-e 



dt 



X-J^v 



T 



1$ 



1$ 



-X+E+V 



\DM 



X-e 



dt 



-X+e+u 



dt 



\DM\ x _ £ dt 



The first integral in the last statement above is finite b y assumption and monotonic- 
ity of the norms 1|-|| ^. The second integ ral is finite by lTheorem 3 .21 . Above we have 



also used Theorem 2.9 and Remark 2.1 



Finally, although ver y tedious, it is s traightforward to check that the chaos ex- 
pansions of both sides of Equation (3.8)1 agree. In order to see this, one might start 
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with $ = J n (<3>( n )(t)) and cp = I m ((f^) as linear combinations of variables of this 
form are dense in Q* and Q respectively. This choice of (p, $ significantly simplifies 
the computations as one can use the product formula 



oo oo mAn s \ / \ 
n=0 m=0 fc=0 \ / \ / 

where ®fc is the symmetrized tensor product on k variables. □ 

The last well-known property of the Skorohod integral that we use in the forth- 
coming sections is the form of its iS-transform. 

Proposition 3.14. For all $ G (S)* and £ G S(R), 

S ( f $(s) 6B(s)) = f S ($(*)) (0 • t{s) ds. 



4 Integration for Volterra processes 

As we have alread y mentioned, in order to define an integral with respect to VAiBV 
process, we follow iBarndorff-Nielsen et al.l (120 121 ). We define the integral 

f $(s)dXi(s), where X^t) = [ g(t,s)dB(s), (4.1) 
Jo Jo 

with the use of the following operator 

)C g (m, s) ■= *(s)g(t, s) + f ($H - g(du, s). (4.2) 

J s 

The definition of the integral in Equation (4.1)1 is given by 

f <^(s)dX l (s):= [ K g (<$>)(t,s)8B(s)+ [ D s {)C g (®)(t,s)}ds. (4.3) 
Jo Jo Jo 

Before we discuss the integral defined above, we have to turn our attention to 
the study of the properties of the operator K g which is a main building block of the 
integral itself. 



4.1 Properties of the operator JC g 

In this section, we study the regularity of the operator K, g . That is we wish to find out 
for which 7 > does /C s ($)(£, s) G when $(£) G Q-\ for all t. First of all, from 
Equation (4.2)1 we see that $(«) — $(s) has to be Pettis-Stieltjes-integrable with 
respect to g(du, s) on [s, t] for < s < t < T . Using previously introduced notation, 
we have (T, B, m) = ([s, t], B([s, t)), m g ), where m g is the Lebesgue-Stieltjes measure 
associated to g(-, s). In order to consider integrability of $ with respect to g(du, s), 
and later, for the existence of /C s ($)(t, s) we need the following assumptions. 
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Assumption A. Suppose that 

i. For any 0<s<u<v<T the function u h-> g(u, s) is of bounded variation 
on [u, v}; 

ii. The mapping [0, T] 3 t y $(£) G Q* is weakly measurable; 
Hi. For any < s < t < T 



I W^u) ~ §(s)\\\\g\{du,s) < oo. 

J s 



Assumption Al litem il e nsures that we can defi ne a Pettis-Stieltjes integral with 



respect to g(du,s). Under lAssumption Al litem iil . the mapping u i-> $(it) — is 
weakly measurable, as are all mappings considered in the remainder of this paper. 



Proposition 4.1. Under ] Assumption A . the integral 



($(«) -$(s))g(du,s) 



(4.4) 



exists as a Pettis-Stieltjes integral. Moreover, if$>(t) G A > for all < t < T , 
then for any < s < t < T , 



mu)-$(s))g(du,s) 



< oo, 



(4.5) 



that is the integral i mEquation (4.4)1 is an element of G-\- 
Proof. In order to prove integrability in the Pettis sense, consider 



- <f>(s))g{du,s),ip 
1 ((($(u) -$(*)), ^» g(du,s) 
< l){Q(u)-Q{8),<p)\\g\(du,8) 



< 



\<&(u) - $(s) 



\<P\\\ \9\(du,s) 



<P\\x / \\Hu)-®(s)\\_ x \g\(du,s) 



< 



<P\\x 
< oo, 



Mu)-$(s)\\ 2 _ x \g\(du,s: 



1 \g\{du,s] 



where we have used the Holde r inequality. lAssumption Al and iRemark 2.1 



To prove that the norm in Equation (4.5)1 is finite, consider 



($(u) - ${s))g(du,s) 



-x 
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= J2 n] / (* (n) («) -$ in) (s))g(du,i 

n=0 J* 

<*?foM]£*i / |^ (B) (t*)-« (fl) (*)l-AM(**.«) 

n=0 ^ s 

^n!|$W(n)-$(")( S )| 2 _ A |^|(rf M , S ) 

n 



= V s t [g(-,s)] / ||$(«)-$( a )||i A M(d« |a ) 
< 00, 

where V/ [ f 1 d enotes the total variation of / on the interval [s,t], which by 
Assumption Al is finite. □ 



Theorem 4.2. If \ Assumption A holds and G Q-\ for all < t < T, then 
/C g ($)(t, s) G £_ A for allO <s<t< T. 



Proof. As in the proof of the iProposition 4.ll it is enough to establish that 
||/C 9 ($)(t, s)\\_ x < 00. Consider 



|K»(*)MII. 



s) + y ($(«) - $(s)) s) 



< \Ms)g(t,s)\\_ x ^ 

= b(*,*)lll^)ll-A 

< 00. 



mu)-<f>(s))g(du,s) 



- $(s))g(du,s) 



-x 



Thus the result holds 



□ 



As we will see in the forthcoming sections, the fact that the operator K. g (-) 
preserves the regularity of $ is of crucial importance in the derivation of regularity 
properties of the integrals defined below. 



4.2 The integral 



Now we go back to the study of the integral defined in Equation (4.1)1 . Since we 
have established sufficient conditions for )C„(<&)(t, s ) G G-\, we can now look at the 
Skorohod integral of /C s ($)(i, s). By lTheorem 3.101 . it is enough to show that 



Kim,*) 



-X 



ds < 00 



in order to establish Skorohod integrability of /C ff ($)(£, s). We will show that this is 
the case under the following assumptions. 

Assumption B. Suppose that 
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/ \g(t,s)\ 2 \\$(s)f_ x ds <oc; 
Jo 



ii. For any < s < t < T 



($(«) - $(s))g(du,s) 



ds < oo. 



Remark 4.3. Notice that in what follows, lAssumption B Items i and can be 
substituted with the weaker assumption that / *||/C 9 ($)(t, s)||^ A ds < oo for all t G 
[0,21. 



Proposition 4.4. Suppose that I Assumptions A and\Jj hold. If $(t) G /or all 
< t < T , then for any e > 0, 



K g ($)(t, a )5B(s)eg- x - e . 

Proof. Using our assumptions and Holder's inequality we obtain 

\ic g (m,s)\\\ds 



$(s)g(t,s)+ / ($(«)- $(s))g(du,s) 



ds 



-x 



$(s)g(t,s)\\_ x + 

<2 f \\<5>(s)g(t,s)f_ x ds + 2 [ 
Jo Jo 



- $(s))g(du,s) 



-x 



ds 



mu)-$(s))g(du,s) 



ds 



< oo. 



Hence the result follows by iTheorem 3.10 . 

Next, we consider Pettis-integrability of D s JC g (<&)(t, s). 
Proposition 4.5. Suppose that Assumptions A and\j^ hold. //$(£) G Q-x, then ft 

-t 



□ 



or 



any e > 0, 



D a K g {$)(t,s) ds G Q. 



A-e- 



Proof. We will show that D a K. g (<f>)(t, s) is weakly in 2 1 ([0, £]), that is for all ip G Q we 
have {D a K g ($)(t,s),<p} G L X ([M]) . Observe that if G £_ A , then JC g (<$>)(t,s) G 
Q-\ and in consequence D s K, g {§)(t, s) G (?-A-e for any e > 0. Consider 

[ \(D s )C g (m,s),<P}\ds< f\\D.K g (m,s)\\-x-«\\<Ph+«d8 
Jo Jo 



m\x+e 
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|D s /C 9 ($)(M)ILa-> 



< 

< oo. 



o 



-A-e 



ds 



Above we have used lRemark 2. ll Holder's inequality and lTheorem 3.2 



□ 



Putting iPropositions 4.41 and 14.51 together yields the main result of this section. 

Theorem 4.6. Suppose that Assumptions A and 2 hold. If $(£) G G-\ for all 
t G [0, T\, then for any e > 



Q(s)dX 1 (s) G g. 



A-e- 



Remark 4.7. Recall that Q C Q\ C (L 2 ) C C for any A > 0. So the above 
theorem assures that 

i. if $ G Q\ for some A > then the integral is an (L 2 ) process; 

ii. if $ G Q then the integral is a ^ process again; 

iii. if $ G (£ 2 ), then the integral is a C?_ e process for any e > 0, thus in a certain 
sense it is very close to (L 2 ). 

5 Integration for volatility modulated Volterra pro- 
cesses 

In this secti on, we introduc e stochastic volatility in the integrator process X(t). In 
the defining Equation (1.2)\ we see that the volatility is multiplying the integrands 
on the right-hand side of Equation (1.2)1 This is an ordinary operation when consid- 
ering non-generalized stochastic processes, however the product of two generalized 
random variables from Q* does not have to be an element of Q* . We overcome 
this difficulty in two different approaches. In the first part of this section, we take 
S(s) = er(s) to be a test stochastic process, that is a(s) G Q for all s G [0, T]. 
In the second part of this section, we use the Wick product to introduce volatility 
modulation as this operation is w ell define d for a ll S G Q* . Note that under strong 
independence (see Definition 2.6l or iBenthl (120011 ): iBenth and Potthofil ( 11996h ) this 
is equivalent to the pointwise product case. 



5.1 Pointwise product with smooth volatility 

In this subsection, we assume that the volatility process o is a smooth stochastic 
process and study the following integral 



Hs)dXJs) 



where 



X a {t) 



g(t, s)cr(s) dB(s). 



(5.1) 
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Let us remark that the assumption that the volatility is a stochastic test process 
is not as restrictive as it appears. For example, Brownian-driven Volterra processes 
are test stochastic processes because 

a{t)= [ h(t, s) dB{s) = h (l [0it ]h(t, •)) . 
Jo 

So if h(t, •) E L 2 (R), then \\cr(t)\\ x < oo for all t E [0,7] and A > 0, hence a(t) E Q 
for all t E [0, T\. 

As we will show, the sufficient conditions for the integral in Equation (5.1)1 to be 
well-defined are the following. 

Assumption C. Suppose that 

i. For all t E [0,T] we have a{t) E Q; 

ii. 



\\a(s)\\ x ds < oo; 
Hi. For any < s < t < T 

[)g(t, s)\^s)\\\ + Ja(s)\\ 2 _ x ds < oo. 
Jo 



iv. For any < s < t < T 



($(«) - $(s)) g(du, s) 



\a(s)\\_ x ds < oo. 



-\+v 



Remark 5.1. As previously, in what follows, Assumption Cl Items iiil and iv can be 



substituted with the weaker assumption that J Q ||/C 9 ($)(t, s) 
for all t E [0, T). 

Theorem 5.2. Under Assumptions A and\^ the integral 



$(s)dX a (s) 



\a(s)\\ x ds < oo 



(5.2) 



is well-defined in the sense of Pettis. Moreover, if $(t) E G-\+ v where v > |ln(2 + 
then for any e > 



$(s) dX a {s) E Q- 



Proof. First we establish the existence of the Skorohod integral. By iTheorem 3.10 
it suffices to show that 



/ \\)Cg(®)(t,s) -a(s)f_ x ds < oo. 
Jo 
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This follows immediately from iTheorem 2.9l and lAssumption C 



K g {m,*)-°(*)\\- x da 

<C 2 U f\\K 9 mt,s)\\\ + Jo{s)\\lds 
Jo 

<2Cl [)g(t,s)\ 2 \ms)\\ 2 _ x+u \\a(s)\\lds 
Jo 



+ 2C? 



- $(s) g(du, s) 



\a(s)\\ x ds 



< oo. 



The exist ence of the Pe ttis integral follows from iRemark 2jJ , iTheorems 2.9 



and 13.21 . and lAssumption CI . We have to show that ([D s (/C s ($)(£, s)) -o^s),^)) is 
integrable for any (f €z Q: 



ds 



\(D S (}C g (m,s))-cr(s), t 

; [)\D s jc g (m,s) ■ <r(s)\LMx ds 

Jo 



< C v \\<p\\ x 

< <^IMIa 

< 00. 



P./C fl (*)(t )a )||_ A+v ||a( a )|| A d a 



\D s lC 9 (m,s)t x+u ds 



\a{s)\\ 2 x ds 



Finally, suppose that $(£) e Then /C s ($)(£, s) G ^-a+!/ and consequently, 

K. g ($)(t,s) ■ a(s) e Q-\. Thus for any e > we have 5 (/C fl ($)(t, s) ■ a(s)) G 
Q-\- e . Also, D s )Cg($)(t,s) G ^-A+!/- e and so D s K, g ($)(t,s) ■ a(s) G £-a- £ , hence 

_A- e - So the theorem holds. □ 



In comparison with the results of iBarndorff- Nielsen et al.l (120121 ). the above re- 
sult allows integration of a larger class of processes, however it restricts the class 
of volatility modulators. We present the extension of the latter class in the next 
subsection. 



5.2 Wick product with generalized volatility 

Below, we consider the generalized stochastic process as the volatility. Since the 
volatility is introduced through multiplication and the pointwise product of two 
generalized stochastic processes does not have to be well-defined, we use the Wick 
product instead. It is worth noting that the choice between the pointwise and Wick 
products should be based on modeling considerations as the two products coincide 
only under special circumstances. We give an example of an additional assumption 
on the volatility process that ensures the equality of the Wick and pointwise products 
in the definition given below. 
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We define the integral with respect to a Wick- V.Mi3V as 



K g ($)(t,s)oZ(s)6B(s)+ / D a (1C g ($)(t,s))oZ(s)ds 



$(s) dX^(s 

.In .In 

(5-3) 

where X^if) — J Q g(t, s)S(s) SB(s). In what follows, we show that the following 
are sufficient conditions for the integral in Equation (5.3)1 to be well-defined. 



Assumption D. Suppose that 
i. 



|£(s)||_ A ds < oo; 



ii. For any < s < t < T 



\g(t,s)\ 2 \Ms) 



\-\\\^( s )\t\ ds < °°- 



Hi. For any < s < t < T 



($(u) - <$>{s))g{du,s) 



|S(s)||_ A ds < oo. 



Remark 5.3. As in iRemarks 4.3l and |5jJ , in what follows, lAssumption Dl litems ii 
and [TT3 can be substituted with the weaker assumption that for all t E [0, T] we have 
/ *||/C g ($)(t, S )|| 2 _ A ||S( S )|| 2 A d S <oo. 



Theorem 5.4. Under Assumptions A and\^ the integral in Equation (5.3) is well- 
defined. Moreover, if <E>(i) E Q- X for all t E [0, T], then for any e > 



/ <5>(s)dX^(s) eg_ x _i. 
Jo 2 



Proof. For the Skorohod integral in Equation (5.3)1 to exist, it is enough to show 
that 

rt 

|2 







||/C 9 ($)(M)o£(s)||l A ds < oo. 



Applying iProposition 2.101 . with e > we have 

[ t \\)C 9 (m,s)«Z(s)t X -^ £ ds 
Jo 2 

<ci [\\ic g (m,s)t x \\m\\-xds 

Jo 

<c 2 e f\g{t,s)\ 2 \\®{s)\l x p: 

Jo 



s)\\_ x ds 



{®(u)-<$>(s))g(du,s) 
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\m\c x ds 



-A 



< oo. 



Thus the Skorohod integral in Equation (5.3)1 exists and is an element of Q_ x _i_ e . 

Now, u sing arguments similar to the ones u sed in the case of a = 1, we show 
that under Assumption Pi the Pettis integral in Equation (5.3) also exists. Below 
we apply iProposition 2.101 . For any if G Q and e > consider 



I ((As {K g {^){t,s))oE{s),<p}\ds 



< 



\D S {)C g ($){t, s))oE(s) 



ML+i+e ds 



<C £ y\\ x+ , [ \\DJC g {Q)(t,8) 
2 Jo 



-X- £ \\^( S )\\-\-e ds 



< C e ||^|| A+ i +£ 

< oo. 



|£gc fl ($)M 



-A-e 



ds 



Ms) 



-A-e 



ds 



The finiteness of the first integral above is a consequence of Theorem 3.2l and finite- 
ness of the second integral is ensured by lAssumption D litem 



Recall from Theorem 2.71 that if $, \P G Q* are strongly independent, then $ • 
^ = $ o \P. Using this fact, we see that under an additional assumption of strong 
independence of /C s (<&) and E, we have the following result. 

Corollary 5.5. Supp ose that )Cn(<&)(t , s) and S(s) are strongly independent for all 
< s < t < T. Under Assumptions A and\^ the integral 



dXAs) 



K g (<!>)(t,8).E(s)6B(s) 



D s (lC g {<S>)(t,s))-X(s)ds (5.4) 



is well-defined and equal to the one i mEquation (5.3)1 . Moreover, if $(£) G ^_a /or 
a// £ G [0, T], then for any e > 



f $( S )dX s ( S )G£_ A i e 
Jo 



Note that we cannot assume that $(£) and E(£) are strongly independent as the 
operator JC g (-) does not preserve the support, that is supp ^ supp (/C s ($ ( ^ n - 1 )) . 

However, in applications one often works with the volatility that is a n (L 2 ) process 
independent of "everything else" in the model. This case is covered by lCorollary 5.5 
and it turns out that we can interchange the Wick and the pointwise product making 
this a very flexible setup. Observe that this case is in general not applicable in the 
setup of the previous section, as the space Q is much smaller than the space (L 2 ). 
Thus this extension of the class of volatility modulators is important. 
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6 Properties of the integral 



First of all, recall that the definition of the stochastic derivative is the same as 



the definition of the Malliavin derivative that is used in Barndorff-Nielsen et al. 



(120121 ) and the only difference is the domain of the derivative. Also, the Skorohod 
in tegral in our setting is defined t hrough the same formula as the Skorohod integral 



in 



Barndorff-Nielsen et al.l (120 121 ) but on a larger domain. These two observations 



allow us to state the following. 



Proposition 6.1. The integrals defined b mEquations (4.1)1 . 1(5.1)1 and \(5A)\ . and the 

one defined in Barndorff-Nielsen et al. (201 2\) are equal on the intersection of their 
domains. 

Proof. This follows immediately from the definition of the stochastic derivative and 
Skorohod integral that we use and the fact that the Pettis integral is an extension 
of the Lebesgue integral to Banach space valued integrands. □ 





(5.1) 




(5.3) 


and 


(5.4) 



are all linear. 

Proof. First observe that directly from the definition of the stochastic derivative and 
Skorohod integral we know that both of these operations are linear. This, with the 
linearity of operator JC g and the fact that (a$) o \I> = a($ o \P) and ($ + o E = 
$oE + f oS gives us linearity of the integral in all the cases considered above. □ 

Proposition 6.3. If $ is integrable with respect to X 1; (X a , X^, respectively) 
on the interval [0,T] then for any S G [0, T] it is also integrable on the interval 
[0, S] . Moreover, the following holds 



T 



$(t)l [0 ,s](t) dX*(t) 



dX m (t), 



where * G {1, er, S, o£} 

Theorem 6.4. Suppose that if G Q and is dX\ or dX a -integrable on [0, T\. 
Then for t G [0, T] 



ip ■ $(t) dX* = if ■ / $(t) dX* 



(6.1) 



where * G {1, a}. 



Proof . Our arguments follow closely those in the proof of (iBarndorff-Nielsen et al. 



20121 Proposition 8). First, note that the case with er(s) ^ 1 will differ from the 
one with a(s) — 1 only i n the norm estim ates as seen in the previous sections. It is 
enough to establish that Equation (6.1)1 holds in one of the cases. Observe that 

K g (<p-$)(t,s) = <p-JC g (Q)(t,s). (6.2) 



Next, by Equation (6.2)1 . [Proposition 3.71 and lTheorem 3.131 . we have 



<p${s) dX a {s) 



lC g (<p$)(t,s)(T(s)6B(s)+ / D s {)C g (^)(t,s)}a(s)ds 
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<pfC g ($)(t,s)a(s)5B(s) + [ D s {<plC g (<S>)(t,s)}o-(s)ds 



o 



<plC g ($)(t, s)a(s) SB(s) 

+ f ((pD s {/C g ($)(t, s)} + /C g ($)(t, *)£, M) 
Jo 

^/ K g (Q)(t,s)a(s)6B(s)- f D a {<p}1C g ($){t, s)a(s) ds 
Jo Jo 

+ <p [ D s {)C g {$){t,s)}a(s)ds+ I )C g {^){t,s)D s {cp}a{s)ds 
Jo Jo 

<p f K g ($)(t,s)a(3)5B(8) + <p I D s {lC g ($)(t,s)}a(s)ds 
Jo Jo 



ft 

V I ${s)dX a {s). 





So the theorem holds. □ 
All of the above properties are quite straightforward and generalize the results of 



Barndorff-Nielsen et al.l ( 12012I ). In the white noise analysis setting, the iS-transform 



Definition 2.2T ) plays a central role and we next discuss it in the context of the 



[see 

integrals we defined in the following subsection. 
6.1 The <S-transform 

We can apply some of the well known facts about the 5-transform and use the 
properties of the operator K. g to find the iS-transform of the integral with respect 
to a VM.BV process. Below we present two formulas for the iS-transform of the 
integrals in the case with no volatility modulation and with modulation introduced 
through Wick product. We give explicit formulas depending on the iS-transform of 
the integrand only. 

Theorem 6.5. 7/$(s) is integrable with respect to dXi(s) on the interval [0,t], then 

S ( [ 9(a) dX 1 (s)) = f]C g (S(m))(t,sns)ds 

\Jo J Jo ^ (63) 

+ / ^{W$)(0)(M)}^ 
Jo o€w 

Proof. It is easy to see that <S(7C g ($)) (£) = JC 9 (S(9)(C) ) because the iS-transform 



is linear and t he Lebesgue me asure in iProposition 2.1ll can be substitute d b y any 



measure. Now, Equation (6.3)1 is a simple consequence of [Propositions 3.8l and 13.14 . 

□ 

Theorem 6.6. 7/$(s) is integrable with respect to X s(s) on the interval [0,t], then 



S Qf *( S ) dX^(s)^ = jf £ P (S(S)(£))(M) ■ S(E(a))(O£00<fa 

+ fo W) {1Ca{S{mm S) " S ^ S ^ ds - 



(6.4) 



28 



Proof. This follows from a reasoning similar to the one in the proof of iTheorem 6.5 



with the additional use of the fact that «S($ o = <S($) • S(&). □ 



dence discussed in ICorollary 5.5 



Remark 6.7. Obs erve that Equation (QA)\ holds also in the case of strong indepen 



6.2 Chaos expansion 

In this section, we give explicit chaos expansions in both cases, of no volatility 
modulation and with the volatility introduced through the Wick product. It is 
possible to find the chaos expansion for the dX a integral, however the complexity 
of the formula renders it almost useless. 

Theorem 6.8. If $(s) is dXi(s)-integrable on the interval [0,t], then 

[ $(s)dYi(s)= / JC g {1> {1) ){t,s)ds 
Jo Jo 

+ E J « (m*^)**. + (n + 1) jf /C fl ($ (n+1) )(t, S ) da) , 
w/iere $( n+1 )(xi, . . . , i„, s) = & n+1 \xi, . . . ,x n , s, s). 

Proof. Suppose that $(t) = J2n=o J n($ (n) (*))- It is not difficult to see that with the 
application of the stochastic Fubini theorem we have 

oo 

M$)(M) = E J «(M$ (n) )(M)). 



n=0 



Hence we have the following 



ft oo 

/ K g {9){t,*)SB{*)= X)WM* (B) XV)) 

^ n=0 

oo 

= ^/.(/C,^- 1 ))^-)). (6.5) 

n=l 

Also, 

oo 
n=0 

oo 

= K a {¥»)(t, s) + J> + l)/„(/C,($(" +1 ))(t, a)), 

n=l 

where . . . , x n _i, s) = $ < - n+1 ^(xi, . . . , x n _i, s, s), because the stochastic 

derivative is taken in s and <3? already depends on s. Hence, 



D 8 ICg($)(t,s)ds = [ )C g (¥ 1) )(t,s)ds 
Jo 



+ V/ n ((n + 1) / /C 9 ($(" +1 ))(t, S )d S 

n=l V JO 



(6.6) 
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whe re we have again used the stochastic Fubini theorem. Putting Equations (6.5) 



and 1(6.6)1 together, we obtain the desired result. 

Theorem 6.9. If is dX Y,(s)-integrable on the interval [0,t], then 



□ 



$(s)dX oE (s)= / /C 9 ($ (1) )(M)§£(°)(s)ds 
Jo 

oo / n— 1 

+ E J « 2M* (n ~ 1 ~ m) )M®£ (m) (s) 

n=0 \ m=0 

+ (n+l)J2 f /C 9 ($ (n+1 - m) )(t, s)§£ (m) (s) 

m=0^° 



Proof. We can establ ish the formula above using the same arguments as in the 
pr oof of iTheorem 6.8l with the addition of the formula for the Wick product given 

□ 



in 



Equation (2.3)1 . 



Remark 6.1 0. The above holds in the case of strong independence discussed in 



Corollary 5.5 



6.3 Stability 



In this section, we show that strong convergence of $ n to $ implies strong conver- 
gence of J Q *$ n (s) dXi(s) to J *$(s) dXi(s). 

Theorem 6.11. Suppose that $ n , $ are dX\-integrable. Suppose also that for some 
A > and almost allt E [0,T] we have ||$ n (t)-$(t)||_ A ->■ and ||<3> n (t)-$(t)||_ A < 
h(t), where h G -^ 1 ([0, T}) . Then for any e > 



lim 

n— >oo 



$ n (s) dX 1 {s) 



^(s)dX 1 (s) 



0. 



-A-e 



Proof. By linearity of the integral and the triangle inequality we have 

^ n (s)dX 1 (s)- [ <f>(s)dX 1 
Jo 



-A-e 



-A-e 



< 



f /C 9 ($ n - $)(t, s) 5B(s) + f D s /C 9 ($ n - $)(t, s) 

JO _A-£ Jo 



-A-e 



It is enough to show that both of the norms above converge to zero as n — > oo. 
First, we estimate the square of the norm of K,„{<& n — $) as n — > as it will be useful 
later. Below, we use a part of the proof of Proposition 4jJ , where we have shown 
that 



$(«) - $(s) g(du, s) 



-A 



<VM;s)} / \Mu)-$(s)\\ 2 _ x \g\(du,s). 
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Now, consider 
||/C 9 ($ n -$)(M)|| 2 A 

g(t, S )(<S> n (s) - $(*)) + J [($„(«) - - ~ $(*))] s) 

<2Kt, S )| 2 ||$„( S )-$( S )|| 2 A 



+ 2 



- $(«)) - ($ n (s) - $(s))] s) 



<2|^(t, S )| 2 ||$ n ( S )-$( S ) 



+ 2V?fo(-,a)] / ||($ n («)-$(«))-(* B ( a )-$( a ))||i A |y|(d« ja ) 
<2\g(t,s)\ 2 \\$ n (s)-<l>(s)\\ 2 _ x 

+ AVM;s)} [ [||$»-$(«)|| 2 _ A + ||$„(5)-$( S )|| 2 _ A ] |p|(d«,. 



-+0, 



as n — )■ oo, 



by Lebesgue's dominated convergence theorem because ||$ n (^) — ^C0H_a ~~ ^ f° r 

almost all t. 

Now, by iTheorem 3.101 . there is a constant C e such that 

/ K g ($ n -$)(t,s)8B(s) <C £ [ ||/C 9 ($ n -$)(M)|| 2 A dt 

Jo -A-e JO 







as n — y oo. 



Finally, by Holder's inequality and ITheorem 3.2l . we have 



D s {lC g {$ n -$){t, s))ds 



-A-e 



< f \\D s ()C g (^ n -^)(t,8)) 
Jo 

<t [ \\D s ()C g (<S> n -<S>)(t,s) 
Jo 

<tc £ \\ic g (<s> n -m,s)t x 

->■ 



I -A-e 



ds 



-A-e 



ds 



as n — y oo. Thus the result holds. 



□ 



The following two theorems restate the above result in the setting with smooth 
volatility and the volatility introduced through the Wick product. We omit the 
proofs as they follow the same argument as the proof of the results above with 
additional use of some of the norm estimates from previous section. 

Theorem 6.12. Suppose that <3> n , $ are dX a -integrable. Suppose also that for some 
X > v = |ln(2 + \/2) and almost allt G [0,T] we have \\$ n (t) -&(t)\\_ x+u ->■ and 
||$„(t) -$(t)||_ A+ „ < h(t), where h e ^([O,^) . Then for any e > 



lim 

n— >oo 



$ n (s)dX a (s)- [ <S>(s)dX a (s) 
Jo 



0. 



-A-e 
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Theorem 6.13. Suppose that $ n , $ are dX^-integrable. Suppose also that for some 



A > v = \ ln(2 + y/2) and almost all t G [0, T] we have ||$ n (t) - $ 



-A+z; 



lim 



< hit), where /i G L 1 ([0, T]) . Then for any e > 



-A+i> 



— >■ and 



$( S )dXo E (s) 



-A-I-e 



7 An example — the Donsker delta function 

In this section, we pre sent an example of a generalize d process that cannot be inte- 
grated in the setting of lBarndorff-Nielsen et al.l (120 121 ). We study the integrability of 
the Donsker delta function with respect to a Brownian-driven Volterra process built 
upon an Ornstein-Uhlenbeck kerne l function a . The importance of the Donsker 
delta function is well-illustrated in lAase et al.l (120011 ) . where the authors use the 
Donsker delta function to compute hedging strategies. 

It is well-known that the Donsker delta function, that is So{B{t)), is not 
an (L 2 ) stochastic process , however it is a process in Q_\ for any A > (see 
Potthoff and Timpell . Il995l Example 2.2) and it has a chaos expansion given by 



5 (B(t)) 



'47rt^ "" \(2t) n n\ 

n=0 



1 [0,t) 



We also have the following formula for the norm of 8o(B(t)) 



n=0 



A n (nl) 2 e Mn ' 



where the sum converges for any A > 0. Therefore 



¥o(B(t))\t 



where C\ is a constant depending only on A. 

Now, we take g{t,s) = e~ a<yt ~ s \ and will show that for any e > 0, = 
~&[e,oo){t)So{B{t)) is dX-\ (t)-integrab le. We need to avoid as 5q{B{0)) does not 
exist. It can be easily verified that Assumption A Items i and EH are sa tisfied with 
our choice of $ and g. In order to show that Assumption A Item iiil holds, take 
e < s < t < T for some < e < T and consider 



\$(u)-<f>(s)\t x \g\idu,s)<2 



\$(u) 



v ) \g\( d u,s) 



< 4 



ms)\\ 2 _ x \g\(du,s) 



(7.1) 



AC X - (1 - e - a(t - s) ) 



where we have used monotonicity of function ~. 
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To show that lAssumption Bl holds, one can apply arguments similar to the ones 
used above together with some of the properties of the exponential integral function 
Ei = y dt. We omit these computations because they are straightforward but 
rather tedious. 

So t[ F n r,)(t)5n( B(t)) is dX\ (t )-integrable. Moreover, since l[ £i00 )(t)<5o(i?(s)) G G-\ 



for any A > 0, by Theorem 4.d we have that 



[e,oo) 



{t)8 Q {B{s))dX 1 {s)eg^ ) 



(7.2) 



for any A > 0. 

Since the chaos expansion of the integral in Equation (7.2)1 is rather long and 
complex, we give the chaos expansion of K, g (5o(B))(t, s) to show an intermediate 
step in the derivation of the complete chaos expansion of the integral. And so 



/C,($)(M) = -X>n^ 



ae 



-a(t—s) _|_ g-a(i-s) _ j 



ifoi>i...^) 



n=0 



as 



n+1 



+ e as a n (r(— n, as) — T(—n, a ■ min{t, V\,... V2 n })) 



where T(u,x) = t u ~ l e~ l dt is the incomplete Gamma function. 

Note that with a different Volterra kernel, it may be possible to balance the 
infinite norm of the Donsker delta at zero without resorting to an explicit cut-off 
function like lr £)0O \(i). Looking at Equation (7.1)L an obvious and rather trivial 
example is a Volterra kernel of the form g(t,s) = a(t)b(s), where b(s) and a(s)b(s) 
are functions th at are decaying to at an at most linear rate as s — > + . Also from 
Equation (7.1)1 we see that it is impossible to find a shift-kernel such that Sq(B(s)) 
is o?X 1 (s)-integrable on [0, s] for any e > 0. 



8 Conclusions 

We have extended the theory of integration with r espect to volatility modulated 



Brownian-driven Volterra processes first discussed in lBarndorff-Nielsen et al.l (120121 ) 
onto the space of generalized Potthoff-Timpel distributions Q*. We have employed 
the white noise analysis tools to show the properties of the stochastic derivative and 
Skorohod integral in the space Q* as well as numerous properties of the VM.BV 
integral without volatility modulation and with modulation introduced in two dif- 
ferent ways, through the pointwise product and through the Wick product. We also 
show that under strong independence, the two volatility modulation approaches 
are equivalent. Our approach allows to integrate, for example, the Donsker delta 
function which is not a n elem ent of (L 2 ) and thus not tractable in the setting of 



Barndorff-Nielsen et al.l ( 12012l ). Moreover, the theory presented in this paper al- 
lows for integration with respect to non-semimartingales (e.g. fractional Brownian 
motion) and for integration of non-adapted stochastic processes. 

There are still some questions that are left without an answer. For instance, it 
is natural to ask whether this approach can be generalized to the setting of Hida 
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spaces (S) and (S)*. Another such quest ion is that of the change of the driving 



process. In IBarndorff-Nielsen et al.l ( 120121 ). the authors discuss not only Brownian 
motion as the driver of the Volterra process, but also a pure-jump Levy process, 
thus it is interesting to see whether our approach can be applied in that setting. 

Another possible generalization opportunity comes from the fact that for 
now, the domain of integrat ion is a finite interval, namely [0,T]. Recently 
Basse- O'Connor et al.l (12013+1 ) studied integration theory on the real line that may 
be used to define integrals with respect to processes of the form 



X(t) 



g(t, s)a(s) dL(s). 



(8.1) 



Such processes are interesting both from theoretical and practical perspective and 
it would be useful to extend the theory discussed in the present paper in the setting 



of Equation (8.1) 
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